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Abstract 

The concepts of connectivity, localization, and frustration are explored in relation to glass formation in amorphous 
materials. First, the concept of eigenclusters to geometrically characterize correlations in amorphous materials is introduced, 
and discussed in detail for both the Ising ferromagnet and Ising spin glass models. Second, a new, glass-forming percolation 
model that contains frustration as the essential ingredient, and exhibits fwo percolation transitions, is discussed. This new 
model gives new insights into frustrated systems, and applications to the king spin glass model and other glass-forming 
systems are discussed. In particular, we propose the possibility that the occurrence of a percolation-type transition at 
temperatures above the glass transition temperature may be a general feature of glass-forming systems. The important role 

of computer simulations in probing the mechanism of glass formation is emphasized. 

1. Introduction 

The glass transition has been studied by physicists, 
chemists, engineers and materials scientists for over 
a century. Substantial efforts have been made by both 
experimentalists and theorists, but despite these nu- 

merous studies a universally accepted, comprehensive, 
and technologically useful theory of glass-forming 

materials remains elusive. Because of the many tech- 
nological and scientific applications of a predictive 
theory of glasses, efforts to understand this compli- 
cated phenomenon continue. A variety of competing 
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theories based on such concepts as free volume, en- 
tropy, mode coupling, metastability, percolation, and 

localization have been introduced which each capture 
certain gross features of glasses. At a recent NIST 
workshop on Glasses and the Glass Transition: Chal- 
lenges in Materials Theory and Simulation, many of 
these theories - and their testing by simulation - were 

discussed. A key point that was raised by the ex- 

perimentalists at the workshop was the necessity for 
simple models and concepts that could ( 1) provide 

them with qualitative understanding of the nature of 
the glassy state, and (2) guide them in the prepa- 
ration of glasses. In particular, the exploitation of 

computer models to examine length scales and time 

scales commensurate with those accessible to experi- 
ments, and thereby confirm or invalidate theories that 
predict phenomena on such scales, was stressed. 

In this spirit, we examine in this paper the con- 
cepts of connectivity and frustration - and the inter- 
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play between them - as tools in elucidating the nature 
of the glass transition. We argue that increased focus 

on the identification of clusters and the examination 

of frustration in glass-forming liquids through com- 

puter simulation offers a good prospect for advance- 

ment in our understanding of glasses. In particular, we 
propose that simulations at temperatures significantly 

above the computational glass temperature may yield 

important information concerning the effect of frus- 

tration in amorphous materials. 

2. Clusters in unfrustrated systems 

Attempts to describe the physics of amorphous sys- 

tems in terms of groups of particles that collectively 

form individual units, or clusters, has a rich history 
in statistical mechanics. In particular, cluster descrip- 

tions have elucidated the nature of thermodynamic 

phase transitions in certain systems by providing a ge- 
ometrical interpretation of correlations. For example, 

in the fruit-fly of statistical mechanical spin models 
- the Ising model - the paramagnetic-ferromagnetic 
transition may be described in terms of independent 
clusters of thermodynamically correlated spins [ 1,2]. 
In the Ising model in zero magnetic field, in which 

parallel (antiparallel) nearest-neighbor spins (repre- 
sented by variables Si = & 1) occupying the vertices 
of a d-dimensional lattice interact favorably (unfavor- 
ably) with energy -./ (+./), clusters may be con- 
structed by randomly imposing fictitious bonds be- 

tween nearest-neighbor parallel spins with probability 
Pb = 1 _e-ZJ/ksT. C oniglio and Klein [ 1 ] showed that 
these clusters of nearest-neighbor, bonded spins grow 
in size with decreasing temperature, and percolate at 
the paramagnetic-ferromagnetic transition. The criti- 
cal exponents describing the divergence of the mean 

cluster linear dimension tp and the mean cluster size S 
as the critical temperature is approached are identical 
to the critical exponents that describe the divergence 
of the thermodynamic correlation length 57. and the 
susceptibility x, respectively. Thus, by defining the 
connectivity of spins in this particular way, the corre- 
lations between spins can be understood in terms of 
connectivity, and the thermodynamic transition can be 
understood in terms of a percolation transition [ 31. 
In related work by Kastelyn and Fortuin [ 21, clus- 
ters were constructed by imposing bonds of infinite 

strength between nearest-neighbor parallel spins with 
probability Pb, and zero interactions between all other 

pairs. Both approaches give the same cluster statistics. 

The success of this geometric picture of a ther- 

modynamic phase transition is further highlighted by 

the well-known Swendsen-Wang (SW) Monte Carlo 
cluster algorithm [ 41, a fast dynamical Monte Carlo 

algorithm that equilibrates the Ising model by flip- 

ping clusters of spins, rather than individual spins. In 

this algorithm, clusters are defined as above, and then 

flipped individually according to the Boltzmann prob- 

ability calculated from the potential change in energy. 
Since by definition spins within a cluster are connected 

via bonds of infinite strength, and spins on different 
clusters are not connected, flipping an entire cluster of 

spins as a unit does not result in a change of energy, 

and thus the Boltzmann probability is simply l/2. By 
updating independent groups of correlated spins in 

this way, the SW algorithm allows the system to take 

large steps in phase space directly to the equilibrium 
spin configuration, which drastically reduces the com- 

putational slowing down near the critical point. This 
algorithm has been successfully implemented and de- 
veloped in other unfrustrated models, including, e.g., 
the XY model and the FM Potts model [ 51. 

The reason for the success of this cluster picture 
of the Ising transition, and for the success of the 

SW algorithm in practically eliminating critical slow- 
ing down, is that with the particular choice of bond 
probability yb = 1 - e -2JlkeT found by Kastelyn and 
Fortuin (KF), and by Coniglio and Klein (CK), the 

pair connectedness function pij - which is the prob- 
ability that two spins i and j belong to the same 
cluster - coincides with the pair correlation function 
glj = (sisj) [6]. Th us, the correlations in the system 
are carried by particular clusters of spins which rep- 
resent the relevant degrees of freedom. For example, 

whereas the structure factor S(9) for a system of N 
spins would typically be written as (in zero field above 

r,), 

(1) 

where (. .) indicates an ensemble average and Xi de- 

notes the position of the ith spin on the lattice, we can 
in general partition the spins into arbitrarily-defined 
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(2) 

where xn,; denotes the position of the ith spin within 
the mth cluster; the first sum (C:i, ) in Eq. (2) de- 
notes a sum over clusters (N, is the total number of 
clusters), and the second sum ( CFi) denotes a sum 
over only the spins belonging to the mth cluster. If 
the clusters are defined correctly (i.e. according to the 
above prescription), the cross terms between clusters 
in Eq. (2) are identically zero, and the structure factor 
can be represented by a sum over individual, indepen- 
dent clusters: 

(3) 

Because these independent clusters form a basis set 
with which to describe the correlations, we refer to 
these clusters as eigenclusters. While there are many 
statistically equivalent sets of eigenclusters that can 
be identified for a given spin configuration, there is 
only one possible bond probability, and hence one rule 
for connectivity, that gives the eigenclusters for the 
system. 

Because the Ising model is isomorphic to both the 
one-component and two-component lattice gas models 
of fluids, both the liquid-gas and liquid-liquid transi- 
tions that occur in these two models may be described 
in terms of eigenclusters by extending the KF-CK the- 
ory of connectivity used to describe the paramagnetic- 
ferromagnetic transition in the Ising model. Further 
extension of the theory to include hard-core interac- 
tions in off-lattice fluids should allow us to describe 
such transitions in a real fluid in terms of eigenclus- 
ters. This idea is currently being tested with molecular 
dynamics (MD) simulations of simple liquids [ 71. 
However, incorporation of the repulsive, hard-core in- 
termolecular interactions (which contribute to frustra- 
tion and eventually a glass transition at high densities 
or low temperatures) into the bond probability is not 
at all trivial from a theoretical standpoint, and large- 
scale simulations will be required to test any predic- 
tions. 

3. Clusters in frustrated systems 

The question central to this paper is: Are clusters 
relevant to our understanding of the physics of the 
glass transition, and to relaxation of amorphous mate- 
rials [ 8]? While the search for clusters in supercooled 
liquids and spin glasses is not new, the identification of 
independent clusters of particles or spins that carry the 
relevant correlations in frustrated systems [ 91 would 
provide a significant contribution to a geometric de- 
scription of the glass transition. Attempts are currently 
being made to identify such clusters in the Ising spin 
glass model [ lo], in lattice models of polymers [ 111, 
and in supercooled simple liquids [ 111, via exten- 
sion of the cluster theory developed by Coniglio et 
al. [ 12,131 

However, the question of whether the glass transi- 
tion in fact has an underlying thermodynamic transi- 
tion, and if so what kind, remains unanswered. A num- 
ber of phenomena observed near the glass transition in 
simple liquids and polymers suggest that a thermody- 
namic singularity is indeed lurking nearby, most no- 
tably recent experiments [ 141 and simulations [ 151 
which claim to observe evidence for a diverging length 
as Ts is approached. The possible existence of a di- 
verging length associated with the structural glass tran- 
sition is of fundamental importance, and simulations 
may have the best chance of answering it. 

3.1. Clusters in the Ising spin glass model 

The Ising spin glass model [ 16,171 is one exam- 
ple of a glass-forming spin system in which the glass 
transition (which in zero field is believed to be co- 
incident with a second-order thermodynamic transi- 
tion) can be described in terms of clusters [ IO]. In 
the spin glass, ferromagnetic (FM) and antiferromag- 
netic (AF) interactions are quenched randomly to 
the edges of a d-dimensional hypercubic lattice (in- 
stead of only FM (AF) interactions in the case of the 
FM (AF) Ising model.) As in the Ising model, the 
spins occupy the vertices of the lattice and can as- 
sume the values Si = &l. The competing interactions 
give rise to frustration when all the spins try to sat- 
isfy all the interactions simultaneously. While the spin 
glass - which is paramagnetic at high temperature - 
still exhibits a second-order thermodynamic transition 
at T’s, the critical point shifts to a temperature lower 
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than the FM Ising T, due to the frustration, and the 
values of the exponents (i.e. the universality class) 

change. As in the Ising model, the transition is known 

to be characterized by a diverging correlation length 

(which in the spin glass is associated with the square 

of the spin-spin correlation function Ig;jl* = / (SiSj)12, 
averaged over all the interaction configurations) and 

is accompanied by a strong divergence in the nonlin- 

ear susceptibility, which above 7& is given by x2 = 

Cij lgijl*. However, the specific heat - which in the 

Ising model diverges at T, - exhibits only a weak sin- 

gularity at T%s. Moreover, the breaking of ergodicity 
at TTs is qualitatively different from that in the Ising 
model at Tc; in particular, complex dynamical behav- 

ior characterized by stretched exponential relaxation 

of equilibrium autocorrelation functions is observed 

in the spin glass at temperatures well above the tran- 
sition temperature [ 181. 

How does one define eigenclusters in a spin glass? 

The usual definition of the KF-CK clusters described 
in the previous section leads to clusters which diverge 

in the spin glass at a temperature Tp that is higher than 
the spin glass transition temperature TSg, and with ex- 
ponents in the universality class of random percola- 

tion [ 13,19,20]. Moreover, because of the competing 
interactions, there are now two relevant connectedness 
functions to be considered when the pure Ising prob- 

ability is used [ 131: 

and 

gjj = PJj - pw 
IJ ’ 

(5) 

where p!i (~~7) is the probability that ( I ) spins i and 
j belong to the same KF-CK cluster and (2) spins i 
and j are parallel (antiparallel). The quantity g;j co- 
incides with the spin glass spin-spin correlation func- 

tion. (In the absence of antiferromagnetic interactions, 

pi( = 0, and thus pij = gij, SO that both quantities CO- 

incide with the Ising spin-spin correlation function.) 

While xii pij diverges at Tp, Cjj Igij/* diverges at 7&. 
Thus, because of the frustration caused by the compet- 
ing interactions - which essentially dilutes the ther- 
modynamic correlations, pushing both Tp and Ts, to 
lower values than in the unfrustrated system - a re- 
vised definition of connectivity must be invoked to 

identify those clusters which carry the relevant ther- 

modynamic correlations. 

The key requirement for constructing the eigenclus- 

ters is that the pair correlation function coincide with 

the pair connectedness function. Ideally, we would like 

to have an expression for the bond probability such 
that one dilution of the spin configuration with bonds 

would give the eigenclusters, in the same way as one 

dilution of the pure Ising spin configuration with ~b = 

1 ~ e-2J’ksT gives the Ising eigenclusters. Because of 

the disorder in the local environment, however, we 

suspect that the dilution of the spins cannot be per- 
formed uniformly in frustrated systems, and instead 
the bond probability may be spatially dependent; that 

is, pi, becomes Pb( i, j) so as to be a function of the 

local disorder in the quenched interactions. 

The reason for this generalization of the bond prob- 
ability is that even above Tsg, some nearest-neighbor 
pairs of spins are more correlated than others at a 

given temperature - unlike in the unfrustrated Ising 

model, where (.Sisj) for any nearest-neighbor ij pair 
is the same. This is exemplified by the temperature- 
dependent distribution of nearest-neighbor energies 
shown in Fig. 1 of Ref. [ 211 for the &IJ Ising spin 

glass. This histogram of values of (Jijsisj), where 
(. .) denotes a time average for the particular edge 

joining spins i and j for one given set of interactions, 
shows that at all T > Tss many different values of this 
quantity appear depending on the location of the spin 
pair on the lattice, and as Tss is approached the distri- 

bution becomes extremely broad and asymmetric. The 
corresponding histogram for the pure ferromagnetic 

system would of course be a &function at any tem- 
perature, with the position of the S-function moving 

from zero to one as T decreases from infinity to zero. 
In the absence of an exact, general formula for 

I+,( i, j) [ 221, one way to construct the eigenclusters 

in the spin glass in an approximate fashion [ IO] is 
to first construct the KF-CK clusters (which perco- 

late at Tp > T&), and then dilute them in such a way 
that bonds between nearest-neighbor spins are retained 
with a probability reflecting the strength of the local 
correlation of that pair. Close to T,, where the distri- 
bution of (JijS;Sj) is strongly peaked, we may choose 
to retain only those nearest-neighbor spins whose cor- 

relation equals a value which falls under the peak of 
the distribution. This is appropriate if the spins which 
carry the relevant correlations are indeed those which 



XC. Glotzer, A. Conigliol Computational Materials Science 4 (1995) 325-333 329 

are connected by pairs most strongly correlated. Note 
that if a given pair of spins IZ and m is so strongly 
correlated that (Jnmsnsm) is close to unity, then n is 
effectively localized, or “quasi-frozen”, with respect 
to m. The resulting diluted clusters therefore consist 
of nearest-neighbor quasi-frozen spins connected by 
bonds with the same probability Pb used for the un- 
frustrated system. 

Preliminary results from Monte Carlo simulation 
suggest that these clusters indeed percolate at Tsg with 
exponents in the spin glass universality class, and that 
the pair connectedness and pair correlation functions 
coincide close to Ts for large distances [ 10,231. The 
cluster picture of the spin glass is therefore the follow- 
ing: as the temperature is lowered, clusters of nearest- 
neighbor spins connected by bonds with probability 
pb = 1 _e-ZJ/ksT grow and percolate at Tr. While this 
percolation transition does not correspond to a ther- 
modynamic transition, it is found numerically [ 191 
to coincide both with the onset of stretched expo- 
nential relaxation [ 181, and with the temperature at 
which the (J;jSiSj) distribution first appears asym- 
metric [ IO]. As the temperature is lowered further, 
clusters of strongly-correlated, quasi-frozen nearest- 
neighbor spins connected by bonds grow within the 
former clusters, and percolate at TTs [ 241. 

Although the first (high T) percolation transition 
does not coincide with a thermodynamic transition, it 
is reasonable to believe that Tp “sets the stage” for 
the glass transition by marking the temperature be- 
low which inhomogeneity appears in the local envi- 
ronments, and that the inhomogeneity in the system - 
namely, the coexistence of mobile and localized clus- 
ters of spins - is responsible for the observed stretched 
exponential relaxation. Recent analytical work of Dou- 
glas and Hubbard [ 251 - which contains a number of 
ideas consistent with those discussed here - shows 
that an exponential distribution of cluster sizes may 
in general give rise to stretched exponential relaxation 
behavior. The connection between cluster size distri- 
bution and stretched exponential relaxation in super- 
cooled liquids has also been discussed by Shlesinger 
and Bendler [ 261. 

3.2. Frustrated percolation 

How might this picture - and the concepts of 
connectivity that lead to it - be related to glass for- 

mation in liquids? While the concept of frustration in 
glass-forming liquids and polymers is formally less 
clearly defined than in the spin glass, its effect is no 
less dramatic. Indeed, a large number of purported 
“crossover” phenomena occurring at temperatures sig- 
nificantly above Tg - the separation of time scales and 
onset of two-step relaxation of autocorrelation func- 
tions [ 81, the apparent “breakdown” of the Stokes- 
Einstein relation between translational diffusion and 
viscosity, and associated decoupling of translational 
and rotational diffusion [ 28-30,321, the decoupling 
of bulk and shear moduli [30], etc., as well as ev- 
idence for a weak transition above T, in polymer 
melts [ 3 1,321 - all suggest a possible anticipation of 
the glass transition by a higher temperature “transi- 
tion” marking a change from a liquid in which trans- 
port is homogeneous to a liquid in which transport is 
inhomogeneous [ 25,29,30,32]. It has been suggested 
that this inhomogeneity might arise at low tempera- 
ture or high density due to geometric frustration of 
local molecular environments, which temporarily trap 
otherwise mobile molecules until a large-scale, coop- 
erative rearrangement of many molecules takes place. 
This type of geometric frustration can be clearly seen 
in, for example, lattice models of polymer melts, 
where segments of polymers at low temperature be- 
come temporarily trapped and cannot move due to 
the local environment [ 271. Moreover, recent models 
have shown that spatial inhomogeneity in an equilib- 
rium fluid can lead to the aforementioned decouplings 
and breakdown of various transport properties [ 301. 

To see why and how a higher temperature transition 
might arise in addition to the glass transition in struc- 
tural glass-forming systems, we discuss a recently in- 
troduced lattice model [ 13,331 that contains geomet- 
ric frustration as the essential ingredient, and exhibits 
a glass transition. Since percolation plays an impor- 
tant role in determining the critical behavior of this 
simple model, the model has been called “frustrated 
percolation” (FP). This model may also be viewed as 
a percolation model in a frustrated medium, and both 
site and bond versions of the model have been formu- 
lated. Both the static and dynamic properties of the 
FP model exhibit complex behavior with features in 
common with both structural glasses and spin glasses. 
This may suggest that the FP model may relate cer- 
tain aspects of the glass transition in liquids to the spin 
glass transition. 
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The FP model has been described in detail else- 

where [ 331, so here we describe it only briefly and 

discuss its key properties. In the FP model, attractive 

(+) and repulsive ( -) “interactions” are quenched 

randomly to each edge of a lattice. A loop (a closed 

path of edges) is said to be frustrated if the product 
over all the signs along the edges of the loop is neg- 

ative. In the site version of the FP model, particles 

occupy the vertices of the lattice under the constraint 

that frustrated loops are not allowed to be fully occu- 

pied. While this geometric constraint will obviously 

be unimportant at low densities, packing difficulties 
will arise as more and more particles are placed on 

the lattice. 
Because of the competing “interactions”, there are 

two relevant connectedness functions for this model: 

pi; = p,; + p,; > 

and 

(6) 

+ _ 
Rij = Pij - P;j 7 (7) 

where p,; (p,? ) is the probability that ( 1) sites i and 

j belong to the same cluster of nearest-neighbor parti- 
cles, and (2) the product of all the signs along the path 
connecting i and j is + 1 ( - 1) . Renormalization group 

calculations on the bond version of the model [ 201 

supported by numerical simulations [34] show that 
the lengths associated with these two quantities di- 
verge at di@mt temperatures, and consequently there 
are nvo critical points in the FP model - T,, where the 
length St, associated with the pair connectedness func- 

tion p;j diverges, and T, << Tr, where the length 6s 
associated with the pair connectedness function gi, di- 
verges. The percolation transition at Tp is in the univer- 
sality class of the ferromagnetic l/2-state Potts model 

(as opposed to standard percolation which is in the 

same universality class as the ferromagnetic l-state 
Potts model). The transition at Ts is in the spin glass 

universality class. Since pij (averaged over all possi- 
ble interaction configurations) is the probability that 
i and j belong to the same cluster of particles, tp 
corresponds to the linear dimension of these clusters. 
Consequently, Tp denotes a percolation transition of 
nearest-neighbor particles. 

The physical meaning of the second diverging 
length is less straightforward. The second transition 
occurs at a temperature lower than the usual perco- 

lation transition due to the interference of paths with 
different phases [ 351. That is, different paths between 

particles i and j in a given configuration at time t 

will have the same phase (calculated by multiplying 

the signs along the path between the two particles), 

but the phase may change as the system evolves from 
one configuration to the next in time, or as different 

spin configurations are sampled. For a given pair of 

sites i and j, this interference effect vanishes if there 

is a “frozen” or strongly correlated path of particles 

between them, since the phase along this path will not 

change. Since a path can never be completely frozen 
at finite T, the major contribution to gij is thus due to 

those configurations in which particles on sites i and j 

are connected by quasi-frozen, or localized, particles. 

Therefore, /gij 1 (averaged over all interaction config- 
urations) roughly coincides with the probability that i 

and j belong to the same quasi-frozen cluster, and the 

length 5s associated with \g;jl* roughly represents the 
linear dimension of these clusters. Since ts diverges 
at Ts, the glass transition in the FP model coincides 
with the percolation of quasi-frozen, or localized, 
clusters of nearest-neighbor particles. 

3.3. Frustrated percolation and the Ising spin glass 

model 

The partition function for the bond version of the 
frustrated percolation model (generalized to include 

Potts variables) can be mapped exactly onto the par- 
tition function for the Ising spin glass model [ 361. 
Consequently, T, in the FP model maps precisely onto 

the percolation temperature Tp of the KF-CK clusters 
in the spin glass, while T, in the FP model maps onto 
the percolation temperature Tss of clusters of strongly- 
correlated, quasi-frozen spins in the spin glass. In the 

spin glass, the diverging correlation length ,$r gives 
rise to a strong divergence in the nonlinear suscep- 
tibility (which is associated with the integral of the 

spin-spin pair correlation function), but only a weak 
singularity in the specific heat (which is associated 
with the integral of the energy-energy pair correlation 
function). In the FP model, the mean cluster size of 
the localized particles diverges with the same expo- 
nent as the nonlinear susceptibility of the spin glass, 

while the compressibility of the FP model exhibits a 
very weak singularity identical to that of the specific 
heat of the spin glass. That is, the density-density pair 
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correlation function of the FF model behaves as the 
energy-energy pair correlation function of the spin 
glass model: 

(8) 

In both models, r] is very large; consequently, as 
5 + co, g(r) --f 0 with a very large power, giving 
only a weak singularity in the compressibility. While 
the compressibility in non-spin systems is accessible 
via standard light scattering experiments, the mean 
cluster size of localized particles is not. Consequently, 
thermodynamic signatures of the glass transition 
in non-spin systems that behave like the FP model 
may be difficult to detect. Instead, perturbative, non- 
equilibrium experiments that “break” or deform the 
clusters (e.g., imposing shear) may be required. 

3.4. Frustrated percolation, clusters, and 
glass-forming liquids 

The frustrated percolation model suggests that sys- 
tems containing disordered geometric frustration may 
exhibit nyo percolation transitions - one correspond- 
ing to a thermodynamic glass transition, and the other, 
at higher temperatures, corresponding to a dynamic 
transition and announcing the onset of heterogeneity 
in the local mobility. Depending on the nature of the 
disorder in the system, the higher temperature transi- 
tion may or may not be thermodynamic. In fact, the 
spin glass free energy does not exhibit a singularity 
at T,, and thus the transition is not thermodynamic in 
that system; nevertheless, the existence of the transi- 
tion is a mathematically necessary prerequisite to the 
glass transition in this case, since ]gij[ 5 Ipij]. 

Certainly, the details of the glass transition will de- 
pend on whether the frustration is quenched in space, 
as in spin glasses, or annealed, as in simple liquids 
and polymers. If the frustration is not quenched, then 
both transitions (T, and Ts) may be softened. In some 
systems, the frustration may even be annealed, but 
act “quenched” on short time scales (e.g., polymer 
melts). We point out that a great deal of experimental 
evidence suggests the possibility of a weak, thermo- 
dynamic transition at temperatures significantly above 
T, in a number of polymer melts [ 3 1,321. In these 
and other systems, complex dynamical behavior of- 
ten accompanies the observed “thermodynamic” be- 

havior, and many researchers who dispute the thermo- 
dynamic nature of the transition agree that the relax- 
ation properties of the melt indeed appear to change at 
this high temperature “transition”. The frustrated per- 
colation model suggests the possibility that this pur- 
ported transition may indeed have some theoretical 
underpinnings, and may appear purely dynamic - or 
also thermodynamic - depending on the nature of the 
frustration, which may be dictated by such factors as 
polymer structure and the quenching process used in 
a particular experiment. 

Nevertheless, even in systems where the first transi- 
tion well above T, may not be detectable with the same 
types of experiments that detect the glass transition, 
its influence may be detected through the onset of so- 
called apparent “non-ergodic”, or complex relaxation, 
behavior. Such behavior is already well known, and 
computer simulations which focus on the search for 
clusters - in particular, finite, quasi-immobile clusters 
of molecules above T, - are within our reach today. 

If there is a diverging length and underlying ther- 
modynamic transition in glass-forming liquids - as 
in spin glasses and frustrated percolation - then it 
is tempting to apply the lessons learned from criti- 
cal phenomena, and pursue the ideas that ( 1) clusters 
are relevant to the glass transition in polymers and 
liquids just as they are in spin glasses and frustrated 
percolation, and (2) different glass-forming systems 
(spin glasses, polymer melts, simple liquids, network- 
forming liquids, etc.) may belong to different univer- 
sality classes. This would imply that a comprehensive 
theory of the glass transition is possible, with each 
universality class (determined not by the details of the 
interaction but by the symmetries of the system) be- 
ing described by a different model, in analogy with the 
different universality classes of ordinary critical phe- 
nomena. The presence of a diverging length would also 
provide hope that the glass transition may be treated 
by a renormalization group theory as in the case of 
spin glasses where chaotic behavior in the recursion 
relations characterizes the glass phase. 

If this is indeed the case, then theoretical and 
computational studies of lattice models would be ex- 
tremely important in elucidating the essential featurts 
of glasses and glass-forming systems, just as are the 
Ising model and other lattice models in critical phe- 
nomena. In particular, extending the results of the 
IT’ model to structural glasses, we might expect a 
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diverging length corresponding to a spanning cluster 
of strongly-correlated, localized particles, to accom- 
pany the glass transition. In this framework, the glass 
transition looks very similar to the usual second-order 
phase transition of critical phenomena. However, the 
very large relaxation times associated with the relax- 
ation of the localized clusters may mask the associated 
critical behavior, and thus the glass transition event 
would appear as only a kinetic event, perhaps de- 
scribed by a dynamic singularity as in mode-coupling 
theory [ 371. If so, then the identification of the proper 
clusters might allow us to computationally study the 
statics of the transition without interference from the 
slow dynamics, in analogy with the Swendsen-Wang 
dynamics in the Ising model. 

If localized clusters with a diverging length are in- 
deed present in glass-forming liquids, how might they 
be detected? In spin glasses, the quasi-frozen clusters 
can be easily detected via the nonlinear susceptibil- 
ity. In analogy with the susceptibility in a magnet, one 
might first think to look for density fluctuations to di- 
verge as the glass transition is approached. However, 
the frustrated percolation model tells us that a glass 
transition may be accompanied by diverging connec- 
tivity and only a weak singularity in the compressibil- 
ity. Indeed, the localized clusters in fluids may have 
a density closer to that of the mobile liquid that sur- 
rounds them, and therefore there should be no diverg- 
ing density fluctuations, in agreement with experimen- 
tal observation. 

One of the interesting properties of the frustrated 
percolation model is that although the glass transi- 
tion in that model is in the same static universality 
class as the spin glass, the dynamics compared to spin 
glasses is different due to the intrinsic difference in the 
diffusion-based dynamics of frustrated percolation as 
compared with the spin flip dynamics which is more 
appropriate in a spin system. Similarly, we may expect 
that different glass-forming systems are in the same 
(or just a few) static universality classes, but differ- 
ent dynamic ones due to the intrinsic difference in the 

actual molecular dynamics. 

4. Summary 

We have explored the concepts of connectivity, lo- 
calization, and frustration in relation to glass forma- 

tion in amorphous materials. The concept of eigenclus- 
ters to geometrically characterize correlations in amor- 
phous materials was introduced, and discussed in de- 
tail for both the Ising ferromagnet and Ising spin glass 
models. We described a new, glass-forming percola- 
tion model that contains frustration as the essential in- 
gredient, and exhibits two percolation transitions. This 
model gives new insights into frustrated systems, and 
we have discussed applications to the Ising spin glass 
model and other glass-forming systems. In particular, 
we have proposed the possibility that the occurrence 
of a percolation-type transition at temperatures above 
the glass transition temperature may be a general fea- 
ture of glass-forming systems. This percolation tran- 
sition should mark the onset of a complex relaxation 
behavior. 
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