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’ INTRODUCTION

Self-assembly holds promise as a manufacturing technique for
materials with customizable physical properties and for devices
with precisely placed nanoscale elements.1,2 Building blocks with
complicated shapes and finely tuned directional interactions can
now be synthesized from polymers, metals, biomolecules, and
combinations of these nanoparticles that have been chemically
bound together to create highly anisotropic “patchy” particles.2�7

The specific interactions and complex shapes of patchy particles
can be exploited during self-assembly with particles organizing
into complicated patterns as a consequence of free energy mini-
mization.8 Choosing a building block to assemble a target pattern
or assessing whether a system of building blocks might assemble
any pattern—the two basic problems of self-assembly—are dif-
ficult because of the enormous parameter space that is accessible
when particle shape, interaction number, interaction strengths,
temperature, density, and stoichiometry can each be varied inde-
pendently. Methods that can predict what new particles might
form and why they do or do not reach their thermodynamically
preferred structures are therefore important and useful.

Selecting a building block for which a desired structure is
thermodynamically stable would be straightforward if, at experi-
mentally realizable conditions, its partition function could be
generated.9,10 The partition function Z encodes all the system’s
thermodynamics, allowing for the calculation of macroscopic
properties such as pressure, heat capacity, and packing fraction
as a function of thermodynamic variables.11 Unfortunately, the
number of microstates that comprise a particular partition func-
tion scales byVNwhereV is the volume accessible to each particle
and N is the number of particles. This scaling makes exact
enumeration of all but the smallest partition functions numerically
intractable, and the complicated interactions between real particles
renders analytical partition function calculations useless except
for Baxter type tricks in special cases.12,13

For equilibrium statistical mechanical systems macroscopic
properties can be calculated without explicit knowledge of the
partition function. This fact follows from the sharp peak in the
probability distribution of microstates consistent with equilibri-
um observables and therefore saddle point approximations, mean
field theory, or numerical techniques such as molecular dynamics
(MD) andMonte Carlo (MC)methods can be efficiently used to
calculate equilibrium properties.11,14,15 These methods have recently
provided integral explanatory and exploratory capabilities for study-
ing self-assembly. Molecular dynamics simulations have been
instrumental in explaining the thermodynamics of water,16 pre-
dicting ordered arrangements of diblock copolymers,17 tethered
nanoparticles,18,19 and anisotropic virus capsomers.20,21 Monte
Carlo simulations have elucidated quasicrystalline structure in
systems of hard tetrahedra,22 solubility of tetromino mixtures,23

higher-order virial coefficients and clustering in water24 and ex-
plained the dipole-induced structure observed in solutions of
stabilized CdTe tetrahedra,25 among many other examples too
numerous to list.

When used as an exploratory tool, the utility of MC and MD
simulations is hindered by a circular problem of time scales: to
determine the relaxation time for a slowly evolving system,
simulations much longer than the relaxation time must be
run.9,26,27 That is, in order to know whether a simulation has
been run long enough, one must run it longer. This is a parti-
cularly troublesome problem when attempting to find the opti-
mal conditions at which a system of particles self-assembles
a target structure because the time scale problem is now
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ABSTRACT: Partition functions encode all the thermody-
namics of a system, but for most systems of practical impor-
tance, they cannot be calculated exactly. In this work we present
a new hierarchical method for calculating partition functions to
arbitrary precision. We discuss the algorithmic details of our
implementation, including elements of shape-matching and
entropy calculation for on-lattice and off-lattice systems. We
highlight computational trade-offs between speed and accuracy,
showing how this varies with temperature, and demonstrate its utility in studying nanoscale self-assembly for a system of model
patchy particles.
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compounded by each additional state point that must be
sampled.

In this work we develop a hierarchical method for calculat-
ing partition functions for complex building blocks to arbitrary
precision by extending bottom-up building block assembly
(BUBBA) to all temperatures.28 Our method exploits the sharply
peaked equilibrium distribution of microstates for Z at low N to
hierarchically generate Z at successively larger values of N. We
accomplish this through three steps at each value of N. First,
microstates are enumerated through a cluster pairing procedure.
Second, distinguishable microstates are identified. Third, negli-
gible microstates are neglected. We demonstrate the method
on a system of model patchy particles in the canonical (N,V,T)
ensemble.

’EXPERIMENTAL METHODS

As a model system, we consider the set of 25 particles intro-
duced by Troisi et al.29 whose shapes resemble Tetris pieces
(tetrominoes, Figure 123,30). For computational expediency and
without loss of generality, we confine the rigid, three-dimensional
particles to a two-dimensional surface and describe the surface as
a square grid in which the subunits that comprise the particles
may each occupy a single grid cell. This dimension reduction is
general because the method requires only a discrete search space
of configurations, which is independent of dimension. In this
model,29 all nearest-neighbor subunits share an attraction (e.g.,
van der Waals, depletion, solvophobic, etc.) of strength U = ε,
and the four subunits that comprise each particle can be posi-
tively charged, negatively charged, or neutral. When two like-
charged subunits share an edge, their resulting potential
energy is U = 9ε, for opposite charges it is U = �11ε, and
for a neutral subunit sharing a face with any other subunit type
it is U =�ε. The particles can translate and rotate on the grid,
but particle overlaps and inversions are prohibited. Since
colloids with these geometries and interactions can now be
synthesized,31�33 determining which, if any, of the particles in
this family can be used to generate useful structures has immediate
applications beyond serving as a proof-of-concept for the meth-
odology presented here.
BUBBA at Finite Temperature. Exact enumeration of a parti-

tion function is computationally intractable for large (N > 5)
clusters because of how rapidly the number of microstates
scales with N. We can pare down the number of relevant
configurations in the case of attractive particles, considering
only the configurations wherein particles are interacting.
Taking patchy particle 2 from Figure 1 as a concrete example,
we enumerate all of the clusters that can be created with two to
four copies of the particle. There are 30 different N = 2

clusters, 736 different N = 3 clusters, and 25234 clusters when
N = 4. Given any particular N = 4 cluster, its potential energy
might range anywhere fromU =�68ε toU = 26ε, and at any of
these energy levels there may be as many as 3000 distinct
clusters with that energy. In this case, because we can calculate
each cluster’s degeneracy and energy exactly, we can calculate
the partition function

Z ¼ ∑
i
Ωi expð �Ui=kBTÞ ð1Þ

exactly, where Ωi and Ui are the ith cluster’s degeneracy and
energy, respectively.34,35 In Figure 2 we show the probability
of observing a given cluster (red) and the number of config-
urations with a particular energy (black). Note that only two
energy levels contribute non-negligibly to the partition func-
tion at this temperature. This fact may be striking to the
uninitiated: less than a thousandth of a percent of the possible
configurations for this system matter at this temperature.
To perform BUBBA at a given temperature, we rely on the fact

that a small fraction of possible microstates comprises the majo-
rity of the partition function. This assumption breaks down at
high temperatures where all microstates contribute similarly to
the partition function, but is valid for the condensed soft-matter
systems of interest for self-assembly. We also assume that the
microstates that contribute to Z (N = n,V,T) must be generated
by pairings of configurations from Z (N < n,V,T), and is inde-
pendent of V (i.e., the system is relatively dilute). This allows
rapid generation of partition functions hierarchically because the
number of configurations that must be checked scales as a poly-
nomial in N rather than to the power of N. In practice, we utilize
a “cluster library” to keep track of each cluster generated by
BUBBA. Each entry in the cluster library specifies the number,
potential energy, relative degeneracy, particle positions, and com-
binations of smaller clusters that can create a particular cluster.
In this framework, using BUBBA to calculate Z (N,V,T) consists
simply of pairing clusters in the library, keeping only the unique
microstates, and discarding the negligible microstates.
Cluster Pairing. Given a discretization of configuration space

for the clusters of interest, BUBBA combines pairs of clusters
to generate larger clusters. When generating size N clusters
there are ºN/2ß combinations of cluster sizes that must be paired.
For example, only N = 1 clusters need be combined to generate
N = 2 clusters, but for N = 4 clusters we must pair N = 1 with

Figure 1. Model patchy particles.

Figure 2. Frequencies (black) and relative probabilities (red) of N = 4
clusters of patchy particle 2 at kBT/ε = 1.0 as a function of potential
energy.
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N = 3 clusters as well asN = 2withN = 2 clusters (Figure 3). Each
time a new candidate cluster is created from a cluster pairing, we
check the cluster library to see whether it has already been gene-
rated. If the cluster is new, it is added to the cluster library. If it
already exists in the library, we update the existing cluster’s rel-
ative degeneracy as well as the list of cluster combinations that
can generate it.
Choosing an appropriate discretization of configuration space

for a particular system is crucial and it has important implications
for BUBBA’s performance. The chosen discretization of search
space should depend on the metric by which clusters are distin-
guished. Figure 4a,b shows two examples of clusters made from
five copies of a sphere with a continuous chain of states linking
the two structures. Are they the same, or are they different? If
they are different, which states count toward the degeneracy of
one cluster but not the other? It is conceivable that the statistical
mechanics of one system might not need to distinguish between
these configurations, but that another might rely upon their
difference. Whichever specific metric is chosen, be it Fourier
descriptors,36 sum of squared errors,37 contact network ana-
lysis,38 or some combination of methods, BUBBA requires that,
for any pair of clusters, they can be classified as being the same or
different, and that a finite set of allowed pairings of the two
clusters can be generated.
Distinguishing Clusters. To distinguish between configura-

tions, we define a graph for each cluster and compare traversals of
each graph.39 Here, each cell in a tetromino defines a node, and
edges (connections) between nodes are defined by cell adjacencies
(Figure 5). If any one traversal of one graph matches a particular
traversal of the second graph, the two configurations are considered
identical; otherwise they are different. A traversal is a tree of nodes
where each node is visited exactly once. When comparing two
traversals, they are equal if the node types and connectivities are

identical for both traversals. Here, two nodes are identical if they
have the same type (red, blue, or gray), and if they have the same
number of connections. The two optimizations that reduce the
number of graph traversals that we implement compare cluster
energies, length, and width before beginning a graph traversal.
Discarding Negligible Clusters. Once a partition function

has been generated, we discard all the smallest-weighted clusters
whose summed weights are less than a chosen cutoff c. Typically,
we choose c in the range 0e ce 0.01 because c is the error in the
N = 2 partition function, and this error will compound roughly
as cN. Next, we sort the clusters by their normalized Boltzmann
weights

wi ¼ Ωi expð �Ui=kBTÞ=Z ð2Þ
whereZ is the partition function from eq 1.10 By summing the
Boltzmann weights in order, beginning with the largest, we
find the clusters for which their sum of weights is less than c,
which we then discard. To optimize the calculation of cluster
probabilities, we sort the clusters by ri = �Ui + kBT ln(Ωi).
Using ri we calculate wi with the formula wi = exp(ri � r0)/
∑j exp(rj � r0), where r0 is for the cluster with the largest
Boltzmann weight.
Calculating the degeneracies Ωi for lattice model clusters can

be performed exactly and must be approximated for clusters with
continuous degrees of freedom. For a lattice cluster that can be
made from p pairings where each pairing is defined by clusters
a and b,

Ωi ¼ ∑
p
ΩaΩbnp ð3Þ

where np is the number of distinct ways of combining a and b to
make cluster i.
For systems with continuous degrees of freedom, it is

not straightforward to sum over the same set of cluster
combinations because of constraints placed on a cluster’s
degrees of freedom when the two clusters are combined.

Figure 3. Examples of cluster pairing forN = 2 (a)N = 3 (b) andN = 4
(c). Note that for each pairing, not all possible resulting clusters are
included.

Figure 4. (a) Example of a cluster of five spheres in a pyramid structure.
(b) Bipyramid structure made from the same number of spheres as in
cluster a. The partition function generated by BUBBA depends upon the
chosen discretization of configuration space. Different discretizations
would differ in whether clusters a and b are distinguishable.

Figure 5. (a) An example cluster, with numbered node labels. (b)
Reference cluster with numbered node labels. (c) One possible graph
traversal of cluster a that does not match the particular graph traversal of
cluster b. The sequence of nodes visited during a traversal are shown
below the graphs and are generated by first visiting the root (top) node
and following branches depth-first, left-to-right, not counting backtraces,
until each node has been visited. (d) Graph traversal of cluster a that
matches the particular graph traversal of cluster b. (e) Particular graph
traversal of cluster b that is used as the reference structure. When
traversing a graph, the number of nearest neighbors for the cell and the
cell type are compared at each node.
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The relative degeneracies

Ωi ¼ qi, rotqi, vib ð4Þ
for such off-lattice clusters should be calculated with the rota-
tional (qi,rot) and vibrational (qi,vib) partition functions.

10,40,41

The rotational partition function for a general rigid body

qrot ¼ π1=2

σ

8π2IxkBT
h2

 !1=2
8π2IykBT

h2

 !1=2
8π2IzkBT

h2

 !1=2

ð5Þ
where Ix, Iy, and Iz are the diagonal elements of the rigid body’s
diagonalized inertial tensor I , σ is the body’s symmetry
number, and h is Planck’s constant.10 The calculation of I
can be performed using

I ¼ ∑
k
I k þ mk½ðrk 3 rkÞE3 � rk X rk� ð6Þ

where the sum is over all particles in the cluster, I k is the
inertial tensor of the kth particle about its center of mass, mk is
the kth particle’s mass, rk is a displacement vector from the
cluster’s center of mass to the kth particle’s center of mass, E3
is the 3 � 3 identity matrix, and X is the dyadic product. For
clusters of the same size at a particular temperature, eq 5
simplifies to

qrot ¼
ðIxIyIzÞ1=2

σ
ð7Þ

because only the relative magnitudes of the rotational parti-
tion functions for clusters of the same size matter for their
probabilities. To determine the symmetry number σ, we count
all linearly independent combinations of rotation operations
that map a cluster onto itself. For a cluster defined by the types
and positions of its particles, we try all rotation operations
that map one particle i onto all other particles of the same type.
For each of these, we attempt a second rotation about an
axis passing through i until a second particle j is aligned with
a reference particle of the same type. After this alignment we
calculate the sum of squared errors

δ ¼ ∑
k
j rBk � rB0j2 ð8Þ

where rBk is the position of the kth particle and rB0 is the posi-
tion of the reference particle of the same type closest to rBk.
If this trial orientation has not been previously generated and
if δ < 0.001, we increment σ.
Calculations of the vibrational partition function can also be

performed numerically for off-lattice clusters using Einstein
oscillators or any analogous method for determining the free
volumes accessible to each component of a cluster.10,40 Generally,

qvib ¼
Y
k

Vk ð9Þ

for clusters with no collective vibrational modes, where Vk is the
volume accessible to the kth particle in the cluster. For example,
the vibrational degrees of freedommatter substantially for clusters
in Figure 4 if they are made up of five hard spheres that can move
on the surface of a hidden sphere. In this case, an Einstein oscil-
lator approximation of qvib would overpredict the entropic con-
tribution from the sphere at the apex of the pyramid in Figure 4,
but may under-predict the contributions from the “base” spheres.

Here, we integrate the accessible volume to each sphere as a
fraction of the total center sphere surface area with Monte Carlo
integration. This approach generalizes to arbitrary cluster types
and interaction types between the subunits of the cluster.

’RESULTS/DISCUSSION

In using BUBBA to generate partition functions of a given size
N, the cutoff value c can be chosen to strike a balance between
efficiency and accuracy. Small values of c ensure the partition
functions built at each N are more complete, at the cost of
including more cluster configurations. Of course, as kBT/ε in-
creases, more clusters contribute to the partition function, so
choosing c too large will cause BUBBA to miss important con-
figurations. Table 1 summarizes the relationship between BUB-
BA runtime, c, and kBT/ε for the 25 model particles in Figure 1.
Note that partition functions up toN = 4 can be easily generated
when c = 0, and an extrapolation of the resulting trend suggests
that generating an N = 10 partition function for c = 0 would
require O(108) years with the current implementation.

To quantify the accuracy of the partition functions generated
by BUBBA we compare theN = 4 clusters generated at c > 0 with
the clusters generated when c = 0. The error

eðcÞ ¼ ∑
i
ðwc¼ 0, i � wc, iÞ2 ð10Þ

where wc,i is the Boltzmann weight of the ith cluster generated
by BUBBA with cutoff c. We find that for any given building
block, the required c to generate accurate partition functions will
depend strongly on temperature. For example, at kBT/ε = 0.1, we
find e(0.00001) = 0 for all 25 particles in Figure 1, indicating no
clusters were discarded at this value of c. For 0.0001 e c e 0.01
and kBT/ε = 0.1, e(c) = 0 for all particles except for particle 6, for
which e(c) = 2.0 because the lowest energy cluster is missed.
Considering only the patchy particles in Figure 1, we find that
e(c) roughly scales with c (Table 2) and kBT/ε. We exclude the
nonpatchy particles from this analysis because the characteristic
temperature ranges differ substantially from those for the patchy
particles, making comparisons less useful.

BUBBA’s efficiency at low temperatures allows for clusters
larger than N = 10 to be generated easily. As a case study, we
consider the partition functions for patchy particle 6 at kBT/ε =
0.1, c = 0.00001, and N e 50. Figure 6 displays the elapsed
runtime for these conditions on a 2.6 GHz Intel processor.

Table 1. Minutes Required to Generate Partition Functions
for All 25 Building Blocks in Figure 1 up to N = 10 Using
BUBBA

c = 0.01 c = 0.001 c = 0.0001

kBT/ ε = 0.1 3 3 4

kBT/ ε = 1.0 4 35 847

kBT/ ε = 3.0 4 513 1320

Table 2. Average Partition Function Error (eq 10) for All
Patchy Particles in Figure 1, Excluding Particle 6

e(0.01) e(0.001) e(0.0001)

kBT/ ε = 0.1 0.000 0.000 0.000

kBT/ ε = 1.0 0.007 0.007 0.004

kBT/ ε = 3.0 0.025 0.016 0.004
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For N > 25 this data fits a weak exponential with the number of
minutes t = 0.2 exp(0.12 N). At large cluster sizes it is apparent
that periodic tilings of the patchy particle are the most thermo-
dynamically stable arrangements (Figure 7). At these conditions,
the more porous tiling in Figure 7a is only 5.8 times more likely
than the tiling in Figure 7b, and this difference in entirely en-
tropic in origin. The two tilings have the same number of building
blocks, and identical energies; however, there are exactly 9,389,
090,429,393,174,528 more ways to make the more porous tiling
than the 1,972,576,636,788,277,248 ways of generating the tiling
in Figure 7b, as calculated by BUBBA with c = 0.00001. The exis-
tence of these two competing tilings has negative implications for
this building block’s propensity for self-assembly of either pattern
at this temperature. Systems of building blocks for which two or
more structurally distinct tilings are commensurate in probability
will fail to assemble any tiling or pattern robustly because of the
enormous energetic penalty to rearrange one competing struc-
ture into the other. We confirm that patchy particle 6 does not
self-assemble porous arrays robustly via Monte Carlo simula-
tions, and expand upon the identification of robust assembly
candidates in a forthcoming manuscript.42

We determine thermodynamically stable motifs for all of the
25 particles in Figure 1 at kBT/ε = 0.1 in the same way as de-
scribed above for patchy particle 6. Tilings of the unit cells identi-
fied in the most probable 40e Ne 50 clusters are presented in
Figure 8. Although the family of model particles considered here
was chosen primarily to provide a proof-of-concept demonstra-
tion of our approach, it is easy to envision possible applications of
some of the motifs in Figure 8a�l. For example, some of these

patterns (e.g., Figure 8c�i) could be used as nanoscale circuit
elements.43,44 If the red and blue cells are made of an insulating
material while the gray are conductive, these building blocks can be
used to assemble arrays of wires separated by insulating barriers.
Patchy particle 19 could also be used to generate a structure with
potentially interesting electronic applications: its continuous
gray domains (Figure 8c) could be used in a service that requires
a redundant conducting path through an otherwise insulating
matrix. The porous arrays of Figure 8j�l have potential applica-
tions in nanoscale filtration45 and fuel cells.

’CONCLUSIONS

We have demonstrated that the generation of partition functions
hierarchically to arbitrary precision is efficient and straightforward,
and that it can aid in assessing self-assembly propensity. In the cases
where small numbers of distinguishable configurations comprise a
majority of a partition function’s weight, as is the case for systems
at low temperatures and for many anisotropic building blocks
with disparate interactions, BUBBA is a particularly effectivemethod
for generating partition functions that have been heretofore
inaccessible. For the first time, this allows the question of

Figure 6. Minutes of runtime to generate theNth partition function for
patchy particle 6 at kBT/ε = 0.1 and c = 0.00001 using BUBBA.

Figure 8. Energy minimizing motifs stabilized at kBT/ε = 0.1 for the
25 particles in Figure 1, from patterns in N = 50 clusters generated
with BUBBA.

Figure 7. (a)Most likelyN = 48 configuration at kBT/ε = 0.1 for patchy
particle 6. There are 11,361,667,066,181,451,776 ways to generate this
cluster from combinations of distinguishable patchy particles. (b) 20th
most likely N = 48 configuration at kBT/ε = 0.1 for patchy particle 6.
This cluster is less likely than cluster a, despite their identical energies,
because there are only 1,972,576,636,788,277,248 ways to generate it.
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“What structures are thermodynamically favored for this building
block at any temperature?” to be answered independent of
assembly kinetics. Finally, for the family of model patchy particles
studied here we discover a diverse set of thermodynamically
stable structures that may have practical applications at the
nanoscale.

The current implementation of BUBBA is effective and
demonstrative, but there are many opportunities for improve-
ment and application. Many elements of the algorithms used
stand to benefit substantially from parallelization of inner loops.
For example, there is no reason the shape-matching of one cluster
against thousands of clusters in the cluster library must execute
serially, and a GPU implementation of this aspect alone would
enable partition functions larger by an order of magnitude to be
generated. BUBBA also has promise as an efficient screening tool
that would allow for the identification of the parts of a partition
function that are consistent or inconsistent with the assembly of
target structures. Using BUBBA as a screening tool, implementing
kernels on GPU architectures, and extending to other ensembles
are the subjects of ongoing work.
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